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Abstract
We present here a simple method of numerical conformal mappings from bounded multiply connected
domains onto the bounded canonical slit domains of Nehari, i.e., a disk with concentric circular slits, and
an annulus with concentric circular slits. In this method, we express the mapping functions in terms of a
pair of conjugate harmonic functions and approximate them, using the charge simulation method, by a linear
combination of complex logarithmic functions. Some numerical examples show the e5ectiveness of the method.
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1. Introduction
Numerical conformal mappings of multiply connected domains are familiar in science and engi-
neering. However, a simple method of computation has not been available.
Nehari [5] described the <ve types of slit domains as important canonical domains for conformal
mappings of multiply connected domains. They are the parallel slit domain, the circular slit domain,
the radial slit domain, a disk with concentric circular slits, and an annulus with concentric circular
slits; the former three are unbounded slit domains and the latter two are bounded slit domains. It is
known that any multiply connected domain can be mapped conformally onto these canonical domains.
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We recently proposed a method of numerical conformal mappings from unbounded multiply con-
nected problem domains onto the three unbounded canonical slit domains [1,2]. In this method, we
expressed the mapping functions in terms of a pair of conjugate harmonic functions and approximated
them, using the charge simulation method, by a linear combination of complex logarithmic func-
tions. We present here a method of numerical conformal mappings from bounded multiply connected
problem domains onto the two bounded canonical slit domains. The two problems are formulated
in a common way, and the charge simulation method is used similarly to the preceding studies.
E5ectiveness of the method is shown by some numerical examples, whose results are compared
with those of Reichel [7].
2. Problems
As illustrated in Fig. 1a, our problem domain D ⊂ C on z-plane is bounded by closed Jordan curves
C1; : : : ; Cn, and C1 surrounds C2; : : : ; Cn. Also Nehari [5] treated two types of bounded canonical slit
domains with circular slits, as in Figs. 1b and c. The two canonical domains are surrounded by the
unit circle S1, and the former has concentric circular slits interior to S1, and the latter has those
between S1 and the inner concentric circle S2. They are called the unit disk with circular slits Ed,
and the unit annulus with circular slits Ea.
There exist the corresponding conformal mappings from D onto the two canonical slit domains
Ed and Ea, where the curves C1; : : : ; Cn are mapped onto circles and/or slits S1; : : : ; Sn, respectively
[5]. Our purpose is to obtain their approximate mapping functions under the normalizing conditions
described below.
The normalizing conditions for the conformal mappings onto the canonical domains Ed and Ea are
f(u) = 0; f(v) = 1; (1)
where f(z) denotes both the mapping functions fd(z) for Ed and fa(z) for Ea. The points u and
v are called the normalizing points here. For fd(z); u is placed in D, and for fa(z); u is placed
inside of C2. In both cases, v is a point on C1. These normalizing conditions determine the mapping
functions fd(z) and fa(z) uniquely.
According to the geometric restriction, the boundary conditions
|f(z)|= rl; z ∈Cl; l= 1; : : : ; n; r1 = 1 (2)
Fig. 1. Problem domain D and the bounded canonical slit domains: (a) Problem domain D; (b) The unit disk with circular
slits; and (c) The unit annulus with circular slits.
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are required for both fd(z) and fa(z), where r1; : : : ; rn are the radii of the circles, and the circular
slits. These constants should be determined together with the mapping functions.
We express the mapping functions onto the bounded canonical domains as
fd(z); fa(z) = f(z) = (z − u) exp(g(z) + ih(z)) (3)
by using a harmonic function g(z) and its conjugate pair h(z). Then the former normalizing condition
f(u)=0 in (1) is naturally satis<ed by expression (3). From the latter normalizing condition f(v)=1,
we have
g(v) + ih(v) =−log(v− u): (4)
From the boundary conditions (2), we have
g(z) =−log|z − u|+ log rl; z ∈Cl; l= 1; : : : ; n; r1 = 1: (5)
Now, from the existence and the uniqueness of the mapping functions, the problems of conformal
mappings are reduced into the potential problems of harmonic functions g(z) and h(z) with common
normalizing and boundary conditions (4) and (5).
3. Numerical method
We use the charge simulation method to approximate g(z) and h(z). The basic idea of the method
is to provide an approximation by a linear combination of complex logarithmic functions
g(z) + ih(z) ∼ G(z) + iH (z) = Q0 +
n∑
l=1
Nl∑
j=1
Qlj log(z − lj); (6)
where Q0 ∈C is a constant, and Q11; : : : ; QnNn ∈R are undetermined variables called charges. The
singularity points of the complex logarithmic functions are placed out of D, i.e., 11; : : : ; 1N1 are
placed outside of C1, and l1; : : : ; lNl are placed inside of Cl; l= 2; : : : ; n (Fig. 2).
Approximation (6) should satisfy the following requirements (i)–(iv).
(i) Instead of (5), we require the approximation of harmonic function to satisfy the collocational
boundary conditions
G(zmk) =−log|zmk − u|+ logRm; zmk ∈Cm; m= 1; : : : ; n; k = 1; : : : ; Nm; (7)
where R1; : : : ; Rn are the approximations of r1; : : : ; rn, respectively.
Fig. 2. Charge and collocation points on z-plane.
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(ii) From the requirement of single-valuedness of the mapping function,∫
C˜
dh(z) = 0 (8)
for any closed curve C˜ ⊂ D, so that we obtain a restriction on H (z),
∫
Cl
dH (z) =
∫
Cl
d
n∑
m=1
Nm∑
j=1
Qmj arg(z − mj) = 2
Nl∑
j=1
Qlj = 0; l= 2; : : : ; n: (9)
(iii) We also require that the approximate mapping function F(z) should be invariant of scaling
on the coordinate system for the problem domain D [4]. This arises from the fact that if we have
a problem domain on w-plane equivalent to D with scaling w = z, the scaled mapping function is
given by fd(w) ≡ fd(z) (w= z). We require the same equivalence on approximate functions, i.e.,
if F(z) is an approximation of fd(z),
fd(z) ∼ F(z)
=F(z; 11; : : : ; nNn ; z11; : : : ; znNn)
=(z − u) exp

Q0 +
n∑
l=1
Nl∑
j=1
Qlj log(z − lj)

 : (10)
An approximation of fd(w) should be obtained by the substitutions without additional computation,
fd(w) ∼ F(w) = F(w; 11; : : : ; nNn ; z11; : : : ; znNn);
and, with the scaling w = z, the approximate mapping functions F(z) and F(w) are equivalent to
each other,
F(z) = (z − u) exp

Q0 +
n∑
l=1
Nl∑
j=1
Qlj log(z − lj)

= F(z): (11)
Using the single-valuedness condition (9) together with (10) and (11), the scale invariance condition
n∑
l=1
Nl∑
j=1
Qlj =
N1∑
j=1
Q1j =−1 (12)
is obtained. This is also available for the approximation of fa(z).
(iv) From the normalizing condition (4),
G(v) + iH (v) = Q0 +
n∑
l=1
Nl∑
j=1
Qlj log(v− lj) =−log(v− u): (13)
We substitute this Q0 in (6), and obtain
G(z) + iH (z) =−log(v− u) +
n∑
l=1
Nl∑
j=1
Qlj log
z − lj
v− lj ; (14)
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and from (7)
n∑
l=1
Nl∑
j=1
Qlj log
∣∣∣∣zmk − ljv− lj
∣∣∣∣− logRm =−log
∣∣∣∣zmk − uv− u
∣∣∣∣ ;
zmk ∈Cm; m= 1; : : : ; n; k = 1; : : : ; Nm: (15)
Thus solving the simultaneous linear equations (9),(12), and (15), we obtain the charges Q11; : : : ;
QnNn , the approximation of the constants logR1; : : : ; logRn, and then the mapping functions
fd(z); fa(z) ∼ F(z) = z − uv− u exp
n∑
l=1
Nl∑
j=1
Qlj log
z − lj
v− lj : (16)
4. Examples
Numerical examples for two triply connected problem domains are shown. Both of them consist
of an elliptic outer boundary C1 = {z | z = x + iy; x2=a2 + y2 = 1} and circular inner boundaries
Cl = {z| |z− l0|= !l}; l=2; 3. For the elliptic outer boundary, we place the charge and collocation
points by the Joukowski transformation
1j = J
(
!1
q
ei$j
)
; z1j = J (!1ei$j); J (z) = !
(
z +
1
z
)
; (17)
where !=
√
a2 − 1=2; !1=
√
(a+ 1)=(a− 1), and for the inner boundaries, the points are distributed
equally on them and their concentric circles,
lj = l0 + q!lei$j ; zlj = l0 + !lei$j ; l= 2; 3; (18)
where $j = 2(j − 1)=N; j = 1; : : : ; N , and 0¡q¡ 1 is a parameter for the charge placement.
In practical calculation, instead of multi-valued function log, we use principal part of it, Log.
Naive substitution of Log into (16) causes a diLculty in dealing with the 2i gap of each factor
Log {(z− lj)=(v− lj)} (Fig. 3a). To avoid this diLculty, following transformation [1] is useful in
case the boundary curves C1; : : : ; Cn are star-like with respect to their inside points 10; : : : ; n0, like
our examples. Since (9) holds, we obtain
n∑
l=1
Nl∑
j=1
Qlj log
z − lj
v− lj
=
N1∑
j=1
Q1j
(
log
z − 1j
10 − 1j − log
v− 1j
10 − 1j
)
+
n∑
l=2
Nl∑
j=1
Qlj
(
log
z − lj
z − l0 − log
v− lj
v− l0
)
: (19)
By this transformation, the 2i gap of logarithmic functions does not appear in D (Fig. 3b). Consult
[1,2] for another similar transformation, which is not limited to the case of star-like boundary shapes.
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Fig. 3. 2i gaps (solid lines) for Log: (a) Eq. (16); (b) Eq. (19).
Fig. 4. Conformal mapping onto a disk with circular slits (Example 1): a = 4; 20 = 1:2; 30 = −1; !2 = 0:3;
!3 = 0:6; u= 0; v = 4; q = 0:5.
Figs. 4 and 5 show grids on the problem domain D and their images on the canonical slit
domains obtained by the numerical conformal mappings. Error of the approximate mapping functions
is estimated by the deviation from the slits,
EMl =max
j
| |F(zlj+1=2)| − Rl|; zlj+1=2 ∈Cl; l= 1; 2; 3; (20)
where zlj+1=2 is the middle point between the neighboring collocation points zlj and zlj+1, which is
shown in Table 1.
We have adopted the example problems from Reichel [7] for comparison, who used an integral
equation method and approximated the source density by trigonometric polynomials. Table 2 shows
error comparison between the two methods, ours and Reichel’s, where nearly equal numbers of
the collocation points and the boundary elements are used. Since conditions of the problems are
somewhat di5erent, r1 = 1 in ours and r1 = 2:5 (Example 1) or 1.5 (Example 2) in Reichel’s, our
error estimations should be multiplied by 2.5 or 1.5 in comparison. We may say that the accuracy
of our results is one or two orders of magnitude higher than those of Reichel.
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Fig. 5. Conformal mapping onto an annulus with circular slits (Example 2): a = 2; 20 = 0; 30 = 1:2; !2 = 0:5;
!3 = 0:3; u= 0; v = 2; q = 0:5.
Table 1
Error estimation
Example 1 (q = 0:5) Example 2 (q = 0:5)
N 16 32 64 N 16 32 64
EM1 2.7E-02 1.4E-02 2.0E-04 EM1 1.9E-03 2.2E-05 6.5E-09
EM2 7.8E-06 1.3E-10 1.1E-10 EM2 2.8E-06 1.1E-08 5.4E-14
EM3 9.9E-04 9.9E-06 1.6E-09 EM3 8.9E-06 1.6E-10 5.5E-14
Table 2
Error comparison with Reichel [7]
Example 1 Example 2
Our method r1 = 1; Reichel r1 = 2:5; Our method r1 = 1; Reichel r1 = 1:5;
N = 64 N = 63 N = 32 N = 31
EM1 × 2:5 = 5:0E-04 EM1 = 4:3E-03 EM1 × 1:5 = 3:3E-05 EM1 = 1:1E-03
EM2 × 2:5 = 2:8E-10 EM2 = 5:5E-04 EM2 × 1:5 = 1:7E-08 EM2 = 1:6E-05
EM3 × 2:5 = 4:0E-09 EM3 = 3:8E-03 EM3 × 1:5 = 2:4E-10 EM3 = 7:8E-07
In addition to above, we have done a variety of numerical experiments, not included in the
present paper, which prove that the method o5ers highly accurate approximation. Due to the use of
the charge simulation method, errors of approximate functions are inNuenced by the arrangement of
the positions of the singularity points. There are some discussions over the choices of the points, but
they are given for some speci<c shapes and/or numbers of the boundary curves. In our examples,
we employed the methods from such discussions, which were studied precisely for simply connected
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Table 3
Error decay against q
Example 1 Example 2
N = 16 q = 0:2 0.5 0.8 N = 16 q = 0:2 0.5 0.8
EM1 3.0E-02 2.7E-02 2.0E-02 EM1 2.8E-03 1.9E-03 1.6E-02
EM2 2.8E-07 7.8E-06 1.8E-03 EM2 2.5E-05 2.8E-06 4.4E-04
EM3 2.1E-03 9.9E-04 1.2E-02 EM3 3.2E-07 8.9E-06 2.2E-03
domains. For the circular boundaries, the method by Katsurada and Okamoto [3], and for the elliptic
boundaries, the method by Nishida [6] are used. Of course, their theoretical discussions are not
directly applicable to our examples of multiply connected problem domains, but we have had good
results with similar behavior. In short, the errors decay exponentially against the number of the
points N , and the smaller errors are achieved by placing the charge points away from the boundaries
(Table 3). A similar behavior of error is explained in the preceding papers, however, the study of
the arrangements of the singularity points for the multiply connected domains is left undone.
5. Concluding remarks
We presented here a method of numerical conformal mappings from bounded multiply connected
domains onto the bounded canonical slit domains, i.e., a disk with concentric circular slits, and
an annulus with concentric circular slits. We reduced the problems of the two types of conformal
mappings into a potential problem for a pair of conjugate harmonic functions, and applied the charge
simulation method to them. The method is simple without integration, and suited for domains with
curved boundaries.
Together with our preceding studies [1,2], a simple method is now available for numerical con-
formal mappings from unbounded multiply connected domains onto the unbounded canonical slit
domains and from bounded multiply-connected domains onto the bounded canonical slit domains.
However, for example, conformal mappings from the bounded problem domain onto the unbounded
canonical slit domains are also important. We expect that the basic idea presented here is extensible
to an integrated method of numerical conformal mappings from bounded multiply connected domains
onto the <ve canonical slit domains by Nehari [5], whose detailed descriptions will be given in a
forthcoming paper.
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